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CRIAIST LN

PART - 1l
21. Powers of i repeat every 4:i,—1,—i,1, ...
12

Z i"™ = sum of 3 full cycles of 4 terms each = 0
n=1

22. Original quadratic: 2x> = 7x +13=0->a+ B =7/2,af = 13/2
- Sum of new roots: a? + B2 = (a + )% — 2ap = (7/2)*> — 2(13/2) = —3/4
- Product of new roots: a?B? = (af)? = (13/2)? = 169/4
New quadratic: x% — (sum )x + ( product) = x? + 3/4x + 169/4 = 0
Multiply by 4: 4x? + 3x + 169 = 0

23. f(x) =x?+3x = df = f'(x)dx = (2x + 3)dx
Atx =3,dx =0.02:
df = (2-343)(0.02) =9-0.02=0.18

24. - Family of lines through the origin: y = mux, where m is an arbitrary constant.
- Differentiate w.r.t x : -

dy

dx_m
-Butm:% )
dy 'y dy

drox Yax VT
Differential equation: -
dy _0
xdx y=
25. Here, f(x) =2(x—1)on [1,2]:

2 2

E[X] =J x-2(x—1Ddx = 2] x(x — 1Ddx
1 1

x(x—1)=x%—x

E[X]:ZJZ

1

x3 x2)
(x2—x)dx=2|———
3 2 1

Compute:
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8 2] [1 1_(8 6) (1 1)_2 (1)_2+1_5
3 3 21 \3 3 3 2/ 3 6) 6 6
Multiply by 2:
ElX]| =2 5—5
[X] = c=3

General equation of a circle with center (h, k) and radius r :

(x—h)?+(y—-k)?=r?

Here:h= -3,k =—-4,r =3

(x+3)2+(y+4)?=9

Matrix A is 3 x 2. Maximum rank = 2.

Check if columns are linearly independent:

-1
|
3

Suppose ¢; - coll + ¢, - col2 =0:

(D) +c;3)=0= —c;+3c;, =0=1¢; =3¢,

(W) +c,(-7)=0=4c¢; —7¢;, =0=43c,) —7¢c, =5¢, =0=>¢c,=0=1¢;, =0

Columns are independent — rank = 2

Step by step:
(i) ho = =

, 7 9 7
(i) Ig =gle = Lo =15 516

Column 1:

0
5 9 7 5
(i) le = Iy > Lo =55 2la
. 3 9 7 5 3
(V) Ih=3L->ho=15¢2 3
1 1 @ T
M h=5l=573=3

Multiply fractions:

. 9.7-5.3 T 945 1t_9457r_637r
19710.8-6-4 4 1920 4 7680 512
Factor numerator and denominator:
x*=3x+2 (x-1D(x-2) x-2
x2—4x+3 (x—-1)(x-3) x-3’
Substitute x = 1 :

1-2 _ -1 _ 1

1-3 -2 2 _

Step (1): Compute b X ¢

b=(1,-1,0),¢=(3,-16)

x#1

Lk ,
Bxé={1 21 0|=(-1)(6)—0(-1)=j(1-6—0-3)+k(1-(~1) = (~1)-3)
3 -1 6

=1(—6) — j(6) + k(=1 +3) = —61 — 6] + 2k

Step (2): Compute @ - (b X &)

G- (bx3)=2)(=6)+(=D(=6)+(B)2)=—-12+6+6=0
Step (3): Conclusion

[d,D,¢] = 0 = d, b, are coplanar.

PART - 111
Let
t~1 ! = cot !
= Co co =
Y Vxz -1 Y x2 -1

Take reciprocal:

tany =yx2—1=sec’y=1+tan’y =1+ (x? — 1) = x?
secy = x ( since |x| > 1)

= y=sec lx
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32. Given parabola: x? + 6x + 4y + 5 = 0 and point (1, —3)
(i) Slope of tangent:
dy ~ 2x+6  x+3
dx 4 2
(ii) Tangent equation:
y+3==-2x-1)=y=-2x—-1
(iii) Normal equation:

= Miangent = -2

1
Myormal =E,y+3=§(x—1)=>x—2y—7:O
33. Given the scalar triple product
[@d —b,b—¢¢—dl
Note that
(@—b)+ (-3 +(¢—d) =0.
Hence the three vectors are linearly dependent.
The scalar triple product of linearly dependent vectors is zero.

[éd—b,b—&c—d]=0)
34. Given

N

x? +
== (2 + ) + )2
y

u(x,y) =
This is a homogeneous function.
- Degree of x2 + y2 =2

- Degree of (x + y)~Y/2 = —%
So, degree of u :

_, 1 3
) _
By Euler's theorem on homogeneous functions,
du 4 ou
X o y 3y =nu
ou N Ju 3
Tox ™7 dy 2 Y

35. Let the two positive numbers be x and 12 — x.
Their product:
P=x(12—x) = 12x — x?
Differentiate:

12-2x=0=>x=6
So, the other number is 12 — 6 = 6.
[The two numbers are 6 and 6

__ (3m/8 dx
36. 1= fTE/B 1+tanx

Use the property:

be(x)dx=jbf(g—x)dx
so, ‘

3m/8 dx
1=j _x
n/s 1 ++cotx
Add the two forms:

3m/8 1 1
21 =f ( + )dx
/e ‘Ml ++tanx 1+ +cotx
Note:
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1 1

+ =1
1++tanx 14 +/cotx

Hence,

3m/8 3m w w
21=f ldx=———=—
/s 8 8 4

| =

o]

1+ (A+)?  1+2i+i% 20 _ .
3r. (E) = a-pa+h 12 2z ¢t
Similarly,
1-—i

1+i
Now,

1+ 1-i3
() (5 -
1—i 1+
=(—i)—i=-2i
38. (1+x3) 2 =1+y?
Separate variables:
dy  dx
14+y2 1+x2
Integrate both sides:
tan"ly=tan"lx +C
Hence,
tan"!y —tan~1x = (|
39. Let X be the number of heads when three fair coins are tossed.
Possible values: x = 0,1,2,3

—i

1 3 3 1
PX=0)=g, PX=1) =5 PX=2) =5, P(X=3) =3
This is the probability mass function (PMF).

40. Given
2 -1 3
A=]|-5 3 1]
-3 2 3
First find |A] :

[Al=23:-3-1-2)—-(-1)(-5:3—-1-(-3))+3(-5:-2—-3-(-3))
=2(7) - (-1)(-12)+3(-1) =14—-12-3 = -1
For a 3 x 3 matrix,
adj(adjd) = |A|*A
Taking determinant:
|ladj(adjA)| = |A|*
=(-D*=1
|adj(adjd)| =1
PART - IV
41. (a) Curves:
y=x%andy = (x — 3)?
Point of intersection:

3
x2=(x—3)2:>6x=9:x=§

Slopes at intersection:

dy 3
a=2x:>m1=2(z)=3

dy 3
a=2(x—3):>m2=2(5—3)=—3

Angle between curves:
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tan@ =

|3—( 3) 6 3
8 4

1 + mym,

-(3)

= tan 2

OR
(b) Given
) _1(x—1)_|_t ( +1)_7r
an )t 7)) T
Use:

tan~la +tan"1bh =tan~? (
Let

x—1 x+1
a = , =

x—2 x+2
Compute:
x-DE+2)+x+Dx—-2) 2x*—4

(x—=2)(x+2) C x2—4

) (when valid)

a+b=

x? -1

ab=x2—4 ,
2(x= =2
a+b _ﬁ__Z(xz—Z)

1—ab -3 3
x%2 —4

So,
2x>=2)\ =«
-1 X 7)) =
tan ( 3 ) 2

2(x?> —2) 1
—————L=13x?==
3  ~ 1
+1
X = T —
V2]

(a) One throw outcome:

1 1
PA)=2.P(3) =3,P6) =

LetX = totaI score |n two thro
(i) PMF
Possible values: 2, 4, 6, 8, 10

P(X=2)=

N =

E

P(X=4)=
P(X =6)=

P(X=8)=

] v =)

P(X =10) = %
(i) CDF F(x) = P(X < x)
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0, x <2
! 2<x<4
367 ‘=%
> 4<x<6
— <x
F(x)=<356
— <
12’ 6<x<8
3 8<x<10
y °=X
1, x =10
(iii)
13
P(4<X<10)=PA4)+P(6)+P(8) = 8
OR
(b)
z=x+iy
Then

2z+1=02x+1)+iQ2y)iz+1=(1—-y) +ix
2241  (2x+1)+i(2y)
iz+1  (1-y)+ix
Multiply numerator and denominator by the conjugate (1 — y) — ix :
[2x + 1) +iy)]((A = y) = ix)
(1-y)?+x?
Imaginary part of numerator:
=2y1—-y)—x(2x+1)
Given Im (2”1) =0,

iz+1

2y1-y)—x(2x+1)=0
2y —2y?—=2x2—x=0
2x2+2y2+x—-2y=0

43. (a) Given
Height of cone H = 12 m
Radius attop R = 5 m
Rate of inflow £ = 10 m? /min
Let
Depth of water = h m
Radius of water surface = r m

Step 1: Relation between r and h
By similarity of triangles:

r 5 . _5h

ho12 12

Step 2: Volume of water
1

V= §nr2h

Substitute r = Sh.
12

1 /5h\? 251
() 1=

=371z 432

Step 3: Differentiate w.r.t. time
dV 25w dh 25m _dh
—=——-3h*>—=—h?—
dt 432 dt 144 dt
Step 4: Put given values

Whenh:8mand%=10:

25m dh
X 64 X —

10=11 dt
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Step 5: Solve
dh 9
dt 10m
OR
(b) Vector proof of
sin(a — ) = sinacos § — cos asin
Let 7 and j be unit vectors along the x - and y-axes.
Define two unit vectors:
d = cosal + sinaj
b= cos fi + sin §j
Step 1: Angle between vectors
The angle between d@ and b is (« — B).
Step 2: Use cross product
Magnitude of cross product:
|d x B| = |dl|b|sin(a - B)
Since both are unit vectors:
|d@ x b| = sin(a — B)
Step 3: Compute @ x b

. { J k
dxb=|cosa sina 0
cosff sinff 0
= k(cos asin B — sin acos B)
So,

|d x b| = |sin acos B — cos asin B

Step 4: Compare both results

sin(a — f) = sinacos 8 — cos asin

(a) Take the end of the pipe as origin 0(0,0).

- x-axis: horizontal (outward)

- y-axis: vertical downward

Since the vertex is at the pipe end, the path is a parabola:
y = ax?

Given point on the path:

2.5 m below the pipe and 3 m outward = (x,y) = (3,2.5)

2.5
25=a(3)?>a=—

9
So, equation:
25,

Water strikes the ground 7.5 m below the pipe = y = 7.5

2.5
7.5=?x2:>x2 =27 =>x=23V3
Water strikes the ground 3+/3 m beyond the vertical line.
OR
(b) Z—z + %y = sinx
This is a linear differential equation.
Integrating factor:
1
IF = e ¥ = &
Multiply throughout by x :
d

x£+y = xsinx
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d o
T (xy) = xsinx
Integrate:

Xy = f xsin xdx
Using integration by parts:
xsinxdx = —xcosx + sinx + C

Hence,
sinx — xcosx + C|

y =
(a) Let N(¢t) l;ie the number of bacteria at time ¢.
Givenrate < N :

dN

Solution:

N = Nyekt

Given the number triples in 5 hours:

3Ny = Npe®* = e5% =3

After 10 hours:

N(10) = Nye'% = (e5)°N, = 32N, = 9N,

IAfter 10 hours, the number of bacteria is 9 times the initial number |

OR
(b) Direction vector:
d, = (3,2,1)

A plane containing L, and parallel to L, contains both direction vectors 51, 52.
Point on the plane (from L, ):

7y = (2,2,1)

Vector equation of the plane

7 =(2,2,1) + 1(2,3,3) + u(3,2,1)

Cartesian equation

Normal vector:

f=d, xd, = = (=3,7,-5)

W N =
N WS
= W &Y

Plane equation:
—-3(x—2)+7(y—=2)-5(z—-1)=0
Bx—7y+5z+3=0
(a) Ellipse:

2 2
S,
a
Write in parametric form:
x = acos 6,y = bsin6
Area enclosed by ellipse:
A = mab

OR
(b) Given parabola:
y2—4y—8x+12=0
Complete the square in y :
(2 —4y+4)—4—-8x+12=0
(y—-2)?=8(x—1)
Compare with standard form (y — k)? = 4a(x — h) :
-h=1k=2
-4a=8=>a=2
Vertex
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Focus

(h+ak)=(1+22)=(32)
Directrix
x=h—-a=1-2=-1

(a) We know,
peq=@E->q9AG-Dp)
Now,

p2q=(Cp)Vg
qg-opr=(CqQVp

Substitute:

peqg=((=p Ve AW(=9) Vp)
pog=((~p)VA((~q)Vp)

OR
(b) Let
1 1 1
U=—v=—w=-—
x y z

Then the system becomes:
3u—4v-2w=1

{u +2v+w=2
2u—5v—4w=-1

Determinant:

3 -4 -2
A=|1 2 11=-1
2 =5 —4
1 -4 -2 A
u
Au: 2 2 1 :—1:u=K:1
-1 -5 —4
31 -2 2
Ay=11 2 1|=22v=—==2
2 -1 —4 4
3 -4 1 1
Ay=1 2 2f=-l1sw=—=1
2 -5 -1 B
Thus,
1 1
—=1-=-2,-=1
x y z




